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GENERATION OF ANALYTIC SEMIGROUPS BY
STRONGLY ELLIPTIC OPERATORS

BY

H. BRUCE STEWART

ABSTRACT. Strongly elliptic operators realized under Dirichlet boundary
conditions in unbounded domains are shown to generate analytic semigroups in
the topology of uniform convergence. This fact is applied to initial-boundary
value problems for temporally homogeneous and temporally inhomogeneous
parabolic equations.

Introduction. The theory of continuous semigroups of operators, when com-
bined with information about strongly elliptic operators, provides useful results
about parabolic equations. For example, let A be a strongly elliptic operator of
order 2m on a domain £, with zero Dirichlet boundary conditions. If an
estimate

® (=4 =2yl < M|zl

is established for complex z in a sector [arg z| <} 7 + ¢, then the parabolic
equation

®) @/ot)u + Au =0

has solutions which are analytic in ¢.

Such resolvent estimates for 4 have been established in the Banach spaces
LP. In [5], Browder proved an estimate like (E) in L2; Agmon, in [1], gave an
argument which proves (E) in LP, although [1] deals explicitly with the distribu-
tion of eigenvalues and the completeness of eigenfunctions. A theorem in LP is
stated in Friedman [7].

In the space C of continuous functions with the topology of uniform con-
vergence, not so much has been known. Eidelmann, in [6], discusses the funda-
mental solution of parabolic equations more general than (P); Arima extends the
work, in [4], to obtain a solution to a general initial-boundary value problem.
However, the estimates in [6] and [4] are not strong enough near the boundary

to prove the analyticity of semigroups (unless there is no boundary, i.e., Q = RN ).
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142 H. B. STEWART

Recently Masuda, in [14a], presented a method of obtaining the resolvent
estimate (E) for second-order elliptic operators with real coefficients and zero
Dirichlet boundary conditions, in the space C. The present paper extends
Masuda’s results to higher order strongly elliptic operators.

Masuda has since announced similar results for higher order operators, in
[14b]; in this work, as in [14a], Masuda studies in detail fundamental solutions
of the operator 4 + z. The present paper uses a somewhat easier method which
promises straightforward generalizations (to more general boundary conditions,
and estimates in C*). These will be the subject of a second paper.

§1 of this paper sets forth the notation and basic assumptions, and states
the main elliptic estimate to be proved. §2 establishes this estimate for operators
with constant coefficients, on the whole space or half-space; §3 proceeds to the
general case. §4 verifies all the conditions for generation of analytic semigroups.
§5 offers simple applications to temporally homogeneous and temporally inhomo-
geneous parabolic differential equations, showing the analyticity in ¢ of the solutions.

The author wishes to express his indebtedness to Professor Tosio Kato for
his generous guidance and important suggestions; also to Professors C. B. Morrey, Jr.,
and H. O. Cordes for helpful discussions.

1. Main estimates. To prove that an elliptic operator A generates an ana-
Iytic semigroup, one needs estimates for the resolvent of —A. This section gives
the precise statement of the estimates obtained.

We make several assumptions about the operator A, similar to some of
those used by Browder in [5].

Let the differential operator 4 be defined on an open set £ in RYV:

o3 o [
A= X a,(xD% D*= o A% L. aN, x €EQ CRY,
lal<2m axy1 ax3? axpy

Separating the highest order terms of A, we define

pos B = (D" X a,(0E, x€Q tERV.

lal=2m

About the operator A we will assume that:

A is uniformly strongly elliptic: there is a constant E >0
(A1)
such that Re(p(x; §)) = E|£[?™, x € Q, £ € RV,

A satisfies the roots condition: for x € 3Q, ¢', n € RV tangent and
(A2)  nommal, respectively, to 9 at x, the polynomial in A, p(x; & + An)
has exactly m roots with positive imaginary part.

(A3) The a, are measurable and uniformly bounded on Q by L.
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(A4) For |a| = 2m, the a, are uniformly continuous
' on £, with modulus of continuity w(|xl|).

REMARK. It is well known that (A2) follows from (A1) if N > 2, or if
the coefficients of p(x; £) are real.

The domain © will be an open set with boundary which is uniformly regu-
lar of class C?™; this means that

There is a collection {N;, ®,} of open sets and mappings of
the open sets onto B(0, 1) = {y: |y| <1}. &, maps

N, N Q onto {y: ly| <1, yy >0}
N, N oQ onto {y: [y <1,yy =0}

(1)

(B2) The sets CI’;I(B(O, 1)) cover an e-neighborhood of the boundary 9%2.

(B3) There is a number K such that the intersection
of any K + 1 distinct sets N, is empty.

The mappings &, are one-to-one, and they and their inverse functions
(B4) have derivatives up to order 2m which are continuous and bounded
uniformly in k¥ by L'

The set Q will be locally regular of class C?*™-* if, in addition, the deriv-
atives of @, and its inverse satisfy a uniform Holder condition of order u >0
on N,. This stronger assumption is first used in §4.

Various norms and seminorms will be used in our estimates:

1
el p gy = (fﬂ Iu(x)l”dx) ’, 6, p gy = 2 ID°ul

lal=f LP@y
"u"wf’l’(g) = 051 |[u]|‘.’Lp(ﬂ), "u"C(Q) = :g% Iu(x)L
. = Cd . =
)o@y = .§=; ID%llg (), gy = <>:< ey

The normed space W/P(Q) is the completion in its norm of the space
C~(Q) of infinitely differentiable functions (if j <2m). C/(Q) is the
space of functions with bounded, continuous derivatives on £ up to order
j- WiP.(Q) and Cj, () consist of functions which are in W/P(Q N B) and
C/(Q N B) respectively, for every closed bounded set B C . The space
(e #(Q) consists of functions in Cj(Q) whose jth order derivatives satisfy a
uniform Holder condition of order u on Q.
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The differential operators will act in the special sets of functions:
Co(®) = {u continuous and bounded on &, with u(x) —0 as |x| — o3},
Di(A) = {u € Co(®), with Au € Cy(D), u € Wi,
and DPu =0 on 99,0 <] < m}.
The main estimate to be proved is:

THEOREM 1. Let q > N. Then under the above assumptions on A and
§2, there are positive constants €, M, A, 1oy depending on q, E, L, w, Q,
such that for u € D3(A)

ldllogay + 2 |zrizm IDPulloeq

o<ipl<2m
(1.1) + X jzt+te sup IDVull
lvl=2m xgER LY(B(xg,r,)NQ)

< (My/1zDI(A4 + 2)ulleiq)
for |z >\, larg z| <%m + €. Here 6 = N|2mgq, r, = rylz|™1/?™.

Theorem 1 follows directly from:

THEOREM 2. Under the circumstances of Theorem 1

Dl LI

0<|pI<2m
+ Z 11 Y
a2 I7l§2m il xilgﬂ 1P u"l‘q(B("O”z)”n)
—1+0
< M,z x?gn 4 + Z)u“Lq(B(xo,rz)nn)'

PROOF OF THEOREM 1 USING THEOREM 2. To establish (1.1), examine
the right-hand side of (1.2), and notice that, due to the choice of r,,

—140
12| 4 + Z)u“LQ(B(xo,rz)ﬂﬂ)

<1z *0lA + 2ullgiq, (meas Bx,, r,))' 19
< const |z|71+0|z|(N/2m)-(1/a)|| (4 + 2)ulleq)
< const |z 1|4 + 2)ullciq) QED.

2. Constant coefficients. By a process of localization, Theorem 2 will be
reduced to the following simple case:

(a) The operator A is replaced by an operator A# having constant
coefficients and only derivatives of order 2m; A# satisfies conditions (A1), (A2),
and (A3) of §1.
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(b) The domain is either RY or RY = {x: x, > 0}.
First we give a pair of preliminary lemmas. The first of the pair states a
priori estimates proved by Agmon, Douglis, and Nirenberg in [3].

LEMMA 1. Let 1 < p <o, Suppose T is a differential operator with
constant coefficients a, only of order 2m, which satisfies the roots condition
(A2) and the inequality

2.1) 2 a,te

lal=2m

> E'|gpm

and la,| < L.
Then there is a constant C depending on p, E', L, such that:
@) forall u € W2mPRN) with compact support

2.2) el y2m p vy < CUTUlp vy + Wl p vy}

(ii) forall u € Wzm’p(Rﬁ' ) with compact support, and satisfying D°u = 0,
Bl <m,on x5 =0,

@3) ey 2 g ¥y < CUTUl g 1ry + Wil p e v

PrROOF. These estimates are essentially proved in Theorems 14.1' and 14.1
of Agmon, Douglis, Nirenberg [3].

The next lemma will yield the |z| dependence of the a priori estimates
for A% + z.

LEMMA 2. Let 1 < p < . Suppose A* isa constant coefficient differen-
tial operator with terms only of order 2m,and z is a complex number. Let
G =RY or RY.

Suppose u € W2™P(G). Let y = p~12™Mx, and define u'(y) = p~ ' u(x),
where p > 0. Then

(2.4) "Dﬁu"LP(G) = P'"B”z"'+N’2'"pllDBu'lle(G), 181 < 2m,
and

= oN #
@2.5) IAa® + 2)ull p o) = PN2PPIAY + p2Wdll p .

If ue C*™1(G),

.6) IDPullp(gy = o' P2 IDPU o), 181 < 2m - 1.

Here the differentiations and integrations are always in the coordinates of
the function mentioned, i.e.,x for u, y for u'.

PROOF. We notice that a scale change of variables takes RY onto RV
and RY onto RV,
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(2.6) follows easily from the definitions; (2.4) requires a change of variable
of integration. For (2.5), observe that

( > a,DS +z)u(x)
|

a|=2m"

“* + 2)u

lal=2m

( X aDgpTelrm + z)pu'cy) = @* + p2u.

Then again the change of variable of integration leads to (2.5). Q.E.D.
Lemma 3 gives the LP estimates for (4% + z).

LEMMA 3. Let 1 < p <, Suppose (a) and (b) above hold. Then there
are positive constants €, C, depending on p, E, L, such that for |z| > 0,
larg z| < % + €

(i) forall u € w2m»RN)
en X P,

0<j<2m

(i) forall u € W PRY) with DPu =0, |gl <m,on xy =0,

< ClA* + 2)ul

LP(RN) LP(RN)’

28) X < Clia* + Z)ul

p((rN P(r Ny
0<j<2m LE(RY) LP(RY)

PrROOF. The method is essentially that of Agmon [1] but uses the a priori
estimates for RY or R{! instead of for a bounded domain.
Consider the differential operator in N + 1 variables

T = A% + (- 1" (0/0t)*™

with which we associate the polynomial p(¢) + €®72™. The operator T is
elliptic, and one can show that

Ip(®) + 7™ > E'

for |EP + |72 =1 and 9] < %7 + ¢ with E',e>0 depending on E, L.
This follows from the assumptions (A1) and (A3), which imply that there is a
C>0 with |Im p(¢)l < Cl£P™ < C/E Re(p(%)) and hence there is € >0
depending on E, L such that larg p(¥)l < %@ — 2e.

Let G be RY . or RIX , and define

F={x,1):x€G,t€RLT,={x,1):x€G,t €% ¥

To apply the a priori estimates of Lemma 1, it remains only to verify the
root condition for T at the boundary of I': for ¢’ tangent, n normal to 9%,
the polynomial p(¢' + An) + €9(r")*™ has exactly m roots N\ with positive
imaginary part.

But connecting the points p(¢' + An) + eio('r')z'" and p(¢' +A\n) bya
line in the complex plane, a standard continuity argument reduces the question to
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the root condition for p(t' + An), which is satisfied by hypothesis.

Now we can apply Lemma 1 to obtain an a priori estimate for the operator
T. Consider the class of functions v € C>™(I") with compact support and
satisfying Dirichlet boundary conditions zero (x derivatives only) if G = R’_,‘,'.
For such functions Lemma 1 implies

(vl < CdITvll + vl

2m,LP(T) LP(T) LP(r))

where C dependson p, E', L.
In particular, let
v =u(x, ) = ¢@)e'Mu(x), N real,

where ¢ € CqR) is 1 for || <% and zero for |t| >1;and u(x) € C2™(G)
has compact support and satisfies null Dirichlet boundary conditions if G = RI,,Y .
Then

llopll > |léfMu

2m,LP(T) II2m,LP(I‘o)'

Also,
To, = T(pe™Nu) = 9T(Mu) +2 2+ = geMi(4¥ + N2mei)u +- -«

where the remaining terms involve only the function u itself, and derivatives of
¢ which are bounded. In fact, we find that

UTopllppy + lopllp )
< CUEA® + 227yl p o0 + N7l o )-
Also
int P¥|DulP
lle “"2,",1,!’(1‘ ) fG IFEID uldx

k+|oz|<2m

f > AP@mD|peyPdx, j<2m

lael=j

p(2m-—j) 14
= I P o

Combining these results with the a priori estimate, we have

2m—j i\t
o<i2<2m IEPTL pgy < @m + DIl o)

< @2m + DCIA* + \2meul| + @m + DO ul|

LP(G) LP(G)’

Choosing A large enough that %A > (2m + 1)C, we can substract the last term
from both sides of the inequality, and get, with a new C,

2 NP gy < CIAF + N2 )ul

P
o0<j<2m "LP@Gy’



148 H. B. STEWART

Setting z = A2™e®, (2.7) and (2.8) follow for compactly supported u € C*™(G)

for large |z|. For u € W?™P(G), the result follows by completionin W2™P(G).
For small |z|, one may use Lemma 2, and (2.4) and (2.5) in particular.

The dilation factor p transforms the problem to the case of large |z|. Q.E.D.
Now we use Lemma 3 to establish corresponding estimates involving C norms.

LEMMA 4.- Let q > N. Suppose (a) and (b) of this section hold. Define
0 = N[2mq.

Then there are positive constants €, C depending on q, E, L, such that
for 1z| >0, larg z|] < %m + e

@) forall u € w2maRM),

U Pl | 1 [ E T | .
(29) o<i<2m-1 7,C(RT) 2m,L9(RV)

< ClzPIA* + 2l g vy,

(i) forall u € W2mARY) with DPu =0, |pl <m,on xy =0,

ZVT2m ). + 1z |[u])
(2.10) 0<it§2:m—l g . ]I"C(RIX) 2Pl 2l
0 #
< Clzl°l4a™ + z)uIILq(RIX).
PROOF. Fixing z =z, |zy] =1,and q = p in Lemma 3, we find that
for Jarg z5| < %im + ¢,

’ < # + ’ .
o<iz<2m 1 pa < CIAT + 2004l g

But by the Sobolev theorem, since g > N,
2 Il <c X Wl
o<sj<2m-1 0<j<2m
and so for |zy| = 1, larg z4| < %m + €, we can say

1. ’ # ’
e <223m_l W1l c + 111l 1q < ClA* + 2001 4.

The dependence on |z| can now be obtained using Lemma 2. Let z bea
complex number, p > 0, and pz = z,. Let u be as in the hypotheses of the
present lemma, #' defined as in Lemma 2. Substitutions from Lemma 2 yield
the result. Q.E.D.

3. Proof of main estimate. The estimates of Lemma 4 are the essential
ingredients in proving Theorem 2. The proof proceeds by reduction to local
estimates. One establishes the proper estimates for 4 + z locally; then the
supremum is taken.
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ProOOF OF THEOREM 2. First we will establish local estimates for an opera-
tor A, on a ball or a half-ball, with variable coefficients a,(y). This operator is
not the same as A, but has the same properties (A1)—(A4); A will shortly be
obtained from A by local change of coordinates.

Let G = B(y,y, 8) or G = B(y,, 8) N R’X, with y, on the edge of
RY. Suppose v € W2™4(RN) or v € W2™4(RY), has support on G, and
satisfies null Dirichlet boundary conditions in the case of the half-ball. Choosing

(3.1) A*= X @ (y,)D%

lal=2m
Lemma 4 implies

(G2) 0Si<am-1 ’

01 I#
< Clzl° (4™ + z)vlqu(G).
Note that C depends on q, E, L, but not on y, or é.
If A satisfies (A1)—(A4), we write

@ +2)= Y a(y)D* +z

lal=2m
= Y GO)D*+z- Y a (y)D*
|al<2m lai<2m
- ¥ @O -3 (y,)D®
lal=2m
and hence
T + _
1A + 2)ll g ) < I + 2)oll g ) + € o<i<22:m_l I, a9
+ su 7 -z )
yEG,IaFL om 12, (¥) = @ (yo)lllvll,,, ,q )
Since

0]} a6y < 11l cqymeasure of G)!/2 < C8>™0|[u]); s,

(3.2) now becomes

1-j[2m 0
0<i<22m—1 el Pl + 1 I[u]|2m,L"(G)

+ §2mo Z I[v] )

(33 <ClzP)4 + 2l
( ) AL ) o<j<2m-1

* yec,sﬁi}?:zm 122(3) = 2oy °)"[”]'2m,L"(G) :
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Now we specify restrictions on the values of § and |z|. Choose:
G4) 0,<8 <8;st. |y —yol <85= la,(¥) —a,(yo) <1/2C,
lal = 2m, |z] >Ny > 1 st. A}/2™ > 2020582™0.
The first condition allows the third term in braces on the right of (3.3) to
be subtracted from both sides. Following the second condition,
Izll—i/2m—0 > lzll/zm-o > )\&/2»1—0 > 2C8(2,'-"o
or

Izll—i/2m > 2C|Z|082m0
and hence the second group of terms in braces on the right of (3.3) can also be
subtracted from both sides. By adjusting C, we then have

1=jl2mr). 0
35) o<,-§m_, |z| Iy ey + 120101, 1o,

< Clzl° 4 + z)leLq(G).

Now we wish to use the mappings described in assumptions (B1)—(B4) to
obtain estimates near the curved boundary of . Suppose that x, € &;1(B(, 1)).

Due to assumption (B4), we may choose an r,, depending on L' but not on k
or Xxg, so small that B(x,, ry) C N, and:

K O0<s<l1,r=sry & =sd,,

@, (B(xy, ©) N Q) C B(py, 8) NRY  for some y,.

Here y, may be chosen on the edge of Rﬁf so long as B(x,, r) meets 9Q.
Let u € W?™-9(Q) have support in B(xy, r); define y = ®,(x) and

v(¥) = u(x). The image of A isa new operator 4, A(u(x)) = A@(»)). It

is well known that A4 is an elliptic operator satisfying (A1)—(A4) with E, L, w

adjusted by multiples of L’. Therefore (3.5) is mapped over to

(3.6)

Z lzll_jlzmllu“j,c(a') + |Z|o|[“]|2

B.7)  o<j<zm-1 m,L9(G")

< ClzPli4 + z)u"Lq(G')
where C dependson q, E, L, w,and L.

The estimate on £ can now be developed from the local estimate (3.7).
Suppose u € DE(A), and choose a localizing function ¢ € C;(RIX) which is
nonnegative, identically 1 on B(0, ), and identically zero outside B(0, 1).
For any x, € &, define ¢o(x) = ¢((x — x,)/r). Then ¢ou € W3™IRN) or
Pou € W2m:4(Q), has support in B(x,, ), and satisfies null Dirichlet boundary
conditions on 9Q. Let G' = B(xy, r) N Q,and G" = B(xy, %r) N Q. Then
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from (3.7) we have

> 1P oy F |Z|9|[“]|zm,zﬂ(c")

0<j<2m-1
< X ETPMIgulleen t 12 M80ully,, Laery
0<j<2m—1 :
< ClzPlA + 9o ull g gr):
But

A + 2)pyu = ¢o(4 + 2)u + z . "a<;> Da-ﬂ%Dﬁu'

lal<2m,f<a
Since, for r <1, ID°‘_5¢0| < Cr'Bl-lel we arrive at

2 2P gy + 1P []]

q ”
0<j<2m—1 2m,L%(G")

(3.8) _
r—2m+1+2m0|[u] li,C(G')f’

L9(G") +

< ClzPdiA4 + 2)ul
0<j<2m-—1

To obtain (1.2), we now take the sup of (3.8) over all x, € Q. This gives

2m,L9(B(x(,%r)NQ)

2 1P o + 12 sup (4]l
0<j<2m-1 xgER

LY(B(x,r)NQ)

(39) < Clzf? ; sup (4 + z)ul
xo €N

+ Z r—2m+i+2m0|[u]|. ct
0<j<2m—1 ’

The final choice of 7 can now be made. Pick rg, §y,and A4 in accor-
dance with (3.6) and (3.4); and furthermore let A, be large enough that

(3.10) )\(1)/2"' > 2C)\8r62m+j+2m0.
For any particular z with |z] = Xy, set
(3.11) r=2r, = rylz|71/2m,

Such a choice of r is appropriate to (3.6) and (3.4). Furthermore, we can now

subtract the second set of terms in braces on the right of (3.9) from both sides.
In order to put (3.9) in the precise form of (1.2), we note that any set

B(xy, r) N Q can be covered by a fixed finite number of sets of the form

B(xy, %r) N Q, and hence
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sup |i(4 + z)ull

.E.D.
xo€Q Q

LY(B(xg,r)NQ)

<C Sup |j(4 + .
T ke 1A+ 24l g g (x g 10 )

REMARK. Similarly one can prove an LP estimate for 4 + z under the
same assumptions on 4 and Q (including £ unbounded). In fact, one could
prove Lemma 3 directly in this general case.

However, for Theorem 2, even in the simplest case 4 = 4%, Q = RY,a
localization argument is necessary. This is because in order to derive Theorem 1
from Theorem 2, the right-hand side of (1.2) must involve L9 norms over small
bounded sets.

4. Generation of semigroups. Define the following realization of - 4: AJ
is the operator with domain D§(4) C Cy() and range in Cy(82), given by
Adu = Au for u € D§(A).
In order to prove that AJ generates an analytic semigroup, we will need
to slightly strengthen the assumptions on 4 and £2. We introduce the condition:

(AS) The a, can be extended outside  so that (A1)—(A4)
are satisfied on an e-neighborhood of .

REMARK. (A5) is automatically true if 9§ is compact.

THEOREM 3. Let A satisfy conditions (A1)—(A4), with Q2 a domain of
class C®™. Then AQ isa closed operator for q > N.

Proor. Let {y} C Dg(A4), with {4} and {Au} being Cauchy in the
sup norm. Say u#; — v € Cy(€2). By Theorem 1, applied to (4 + z)(u]. - u)
for some specific z, the sequences Dfu, |8l <2m — 1, are Cauchy in sup norm,
hence v has bounded continuous derivatives up to order 2m — 1. Also the
sequences Du;, |y| = 2m, are Cauchy in L(B(x,, r,) N Q) for x, € &, so
vE Wied() and Av = lim Au; ae. where the right side is a function
which belongs to Cy(8). Hence we may take Av € Cy(Q). Then v € Di(4),

and Ag is a closed operator. Q.E.D.

THEOREM 4. Let (A1)—(A5) be satisfied, and let 2 be uniformly regu-
lar of class C*™, and locally regular of class C*™* u > 0.

Suppose q > N. Then A is a closed operator independent of q, which
we call Ay. ANy, € >0 such that A, + z has bounded inverse on Co(S2)
Jor |zl = A, larg z| < ¥%m + e

PrROOF. We need to show that A + z maps onto C,($).

Due to the new assumption (AS), we can define formal operators 4/ with
C” coefficients by mollifying those of 4: for ¢ € C;(RN ) with ¢ =0 and
Jodx =1, let
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8,00 = jNo(ix), @l =a, x ¢

where  indicates convolution over RY.

By standard arguments, for j large enough, the resulting operators A/ are
elliptic, satisfy (A1)—(AS) with the same E, L, and w. For lal = 2m, a{, —>a,
uniformly on £; for |a] < 2m, a{; — a, a.e. boundedly, after possibly passing
to a subsequence. We may define closed operators (A47)3.

We wish to show that the operators (Af)g + X have dense range for large
real A. For this we turn to the L2 variational theory of elliptic operators.

For example, Agmon shows, in [2], that one can construct a bilinear form
Blu, v] such that for sufficiently regular functions u, v, Blu, v] ={(4u, v
where (,) denotes L2 inner product over . Then even for unbounded
domains, Garding’s inequality and the Lax-Milgram theorem can be used to show
the existence of weak solutions:

There is \; >0 such that for X >, f € C5(Q), there is u; €
HT(Q) (= completion of Cg(R) in the W™2 norm) with

@ Ay + Ay =f in Q

(Agmon [2, Theorem 8.5, Theorem 7.6, also p. 98]).

It is well known that, since the a{z and f are infinitely differentiable, u;
is also in the interior of €. At the boundary of £, we call upon regularity
results in Morrey [15]:

Since 4, f € C”,and Q is locally of class
C?™s# the fact that u; € HF(Q) implies that

u; € C*™#(Q N B) for any bounded set B.

(Morrey [15, Theorem 6.4.8, Theorem 6.5.3]. We note that Morrey’s proof is
for bounded domains; but being local in nature, it applies even to bounded portions
of unbounded domains.)

So we have a solution #; of (4.1) and the null Dirichlet boundary condi-
tions, with u; € HJN(Q), (47 + Mu; € Co(Q), and u; € CLm(R). Higher
global regularity for u; follows from a result of Browder:

Since u; can be extended to a function in

C2?™(N) for a neighborhood N of any point
in Qif u € LP(Q), f € LP(Q), then u € W2™P(Q).
(Browder [5, Theorem 3].)
As an immediate consequence, ; € W2™:2(Q). But we can use this to
show that u € LPO(Q) for some Po > 2. Then applying the above result once
more gives u; € W2mPo(Q), which in turn means u; € LP1(Q) for p; > p,.
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We claim this process reaches all p € [2, *9) in a finite number of steps. In fact,
it is known (e.g. Lemma 5 of Browder [5]) that W2 P(S) C LP'(Q), where
1/p — 2m[N < 1/p'. Therefore, each iteration of the process described above
extends the range of p~! lower by a fixed amount. In a finite number of steps,
the permissible values of p~! will include (0, %], hence p may be in [2, =)
as claimed. :

Finally, we show u; € D§(4’). But C'(§) D W*P(Q) for p > N, so
u; has bounded first derivatives on Q. Since u; € L*(), we must have
()= 0 as Ixl = o, 4 € Co®). Since f € Co@ C Cy(©), (4.1) shows that
Alu; € Cy(R2) also. Hence u; € DE(4). .

We have just shown that for A > A, the operator (4’)§ + A maps onto
Co(®) which is dense in Cy(8). Since (A7) + A is a closed operator and a
homomorphism, it maps onto C,(£) by the closed range theorem.

We now interrupt the proof of Theorem 4 for the following lemma.

LEMMA 5. Let A be any operator for which the conclusions of Theorem 1
are valid. Let \,, € be as in Theorem 1, and

S =1{z: |z2] = N\, larg z| < %7 + ¢€}.

Recall that N\, and S depend on q, E, L, w, and Q.
Then if A3 + z maps onto CO(Q) for some z € S, the same is true for
any z € S.

PROOF. Let A +z, map onto C,(8). This means, according to the
conclusions of Theorem 1, that A3 + z, has a bounded inverse. Near z,, we
can expand

A3+ = io A3 + 25) ™ 1(zy - 2)".

Now from the conclusions of Theorem 1, [I(4§ + zo)"l lle < My/1zy), and there-
fore the series for (43 + ) converges in an open circle about z, of radius
129|/My, or on a closed circle of radius |z,|/(2M,). Hence (A + z) is invertible
for z on this closed circle.

Now let z, be any point on the boundary of the closed circle, provided
z, isstill in S. This generates a new circle, and an increased set on which
AQ + z is invertible. In this fashion, any point in S may be reached by a
finite chain of circles with centers {z.}; for any such circle may have radius
bounded from below by |z;1/(2M,) = A,/(2M,). Q.E.D.

Resuming the proof of Theorem 4, we see that (Ai)g + z is invertible for
a sector depending on ¢, E, L, w, §, associated with the operator 4 (and
hence independent of j).
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To complete the proof, we wish to show that the solutions u; of Aiu, +
zu;=f, f € C;(ﬁ), converge to a solution # of

@42 Au+zu=f.

The convergence of the #; will have to follow from the convergence of the
coefficients af,.
We will use the following identity:

“4.3) A +2)(u — uw) = A - ADy; + 4* - A,
Now, for example,

A-Ahy= ¥ (g, - al)Du; + > (g, —al)D%;.

lal=2m lal<2m
To obtain convergence, we will use the estimate:
4 — Af)u, <C s —alllu;
( Yile oD, e ~ ety 2m.p g
@4) + 2l =l pr g4l 2mm 7
lal<2m LP(anp) Twrm=LP (QnB)
+ Cliyll, 2m-1 P(2-B)

where B is a bounded set. In the second term on the right, we have used the
estimate Ifgll < A1l prligl o so we require (p')~ 1+ (P")"l = pL. We will
presently use the additional restriction p~! - N1 < (p")7!,ie., p' = N. We
proceed to show the right side of (4.4) can be made small.

First we write the LP estimate (see Friedman [7, p. 68 ff.], or the remark
at the end of §3):

@.5) Nl 2m.p gy < CIAT + 2l p o < CIIA

LP(Q) LP ()
where C is independent of j.

To make the last term of (4.4) small, we choose B to be a large set. For
example, let B = B(0, R). Let { be a nonnegative C~ function which equals

0 in B(0, %) and 1 outside B(0, 1). Define Yp(x) = Y(x/R). Then
"uj"w2m—l ’p(ﬂ-B) < "'pR uj"w2m,p(n)-
Applying the LP estimate to A/ + z and the function l[IRu]-,

where C does not depend on j. Since

ANpu = Ypdly + 2 aa<:)D°‘:ﬁll/RD"u

ial<2m,f<a



156 H. B. STEWART

and
IDa-ﬂ¢R | < CR~(le—B1)

we get
A’ + 2y, “/IILp(n) < Ivg@ + 2)ujl

Since (47 + z)uj = f has compact support, we can choose R large
enough that the first term above is zero, and the second term is < %8 (recalling
4.5)).

Now with R chosen, we can make the first two terms in (4.4) small.
Since a{! — a, uniformly for |a| = 2m, we can again use (4.5) to show there
isa j large enough that the first term of (4.4) is < %8. Finally, since we
required p~! - N7! < (p")7!,

+ CR™! “uj"w2m—l

LP(Q) PQ)

il y2m=1,0" g ngy < Cllwlly2m,p gy < CIAlp gy

Now al, — a, ae. boundedly for |al < 2m,so j can be increased to make
the middle term on the right of (4.4) < %68. Thus we have shown

A = Ayl o0 0.

Referring back to (4.3), we have ||(4 + 2)(u; = up)l Py 0. Now
we can choose some value of z to apply the LP estimate with the functions
U = uy; taking p=q >N, u; —u —0 on W_z_'”’q(ﬂ). Hence u; — 4, — 0
in C*™71(Q). So the limit function u isin Cy(Q) N W2™9(Q), satisfies
null Dirichlet boundary conditions, and

(A + 2)u = lim4 + 2)y; ae. = lim@4’ + 2)u; ae. = f ae.

We may take the equality to hold everywhere, and Au = f — zu € CO(S—Z).
Therefore u € D(A4).

Therefore A§ + z has dense range for this particular z. Applying the
Closed Range Theorem, then Lemma 5 again, 43 + z maps onto for any z in
the sector S, of Theorem 1 and Lemma 5 (we momentarily emphasize the
dependence of S on gq).

Let q' > q. Then there is z € Sq N Sg. Itis clear from R(4§ + 2) =
R(A§ +2) = Cy(D) that DY(4) = DI'(A).

Hence we may define an operator A, independent of q. We have from
Theorem 1 |i(4, + z)”lllc(m < MylzI™! for z in some sector Sqr- QE.D.

REMARK. A similar method proves the corresponding theorem in LP, in-
cluding the case of unbounded  at least for p > 2.

We have essentially shown that A, generates an analytic semigroup; we
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refer to Chapter IX of Kato [9], and especially §1, par. 6 of that chapter, for
the general theorems. The operator A4, lacks only a dense domain in CO(Q);
functions in this domain are zero on 9%, and the same is true for any uniform
limit of such functions. Thus we will have to consider the space

Coo(® ={u € Cy(Q) with u =0 on 3Q}
and a new domain

Doo(4) = {u € D§(4), ¢ > N, with Au € Cyo(D}
and redefine:
Ago is the operator with domain Dyo(4) C Cyo() and
range in Cyo() given by Agou = Au for u € Dyy(A).
Also, we introduce an additional assumption on the coefficients of A:

(A6) All the a, are continuous in £.

THEOREM 5. Let (A1)—(A6) be satisfied, and let Q0 be uniformly regular
of class C*™, and locally regular of class C*™*, u>0.

Then —A,, as defined above, generates an analytic semigroup of bounded
operators on  Cyo ().

Proor. The proof of Theorem 3 is equally valid with CO(Q) replaced by
Coo(®). Furthermore, we claim that the range of Ay + z is Cyq(S), so that
Ao isa closed operator, independent of g, with bounded inverse on Cy( ().

To show that A4,, + z maps onto Coo(ﬂ) for z in the truncated sector,
let f € Cy(). Then fE Cy(Q) and there is u € DI(A) with Au + zu = f
according to Theorem 4. Since Au = f — zu € Cy((2), u € Dyy(A). So the
range of Ay, + z is dense, and, by the closed range theorem, is all of COO(Q).

Finally, we observe that A, is defined on Cg() which is dense in
Coo (D).

Now the estimate of Theorem 1 gives the remaining condition for the genera-
tion of an analytic semigroup. Q.E.D.

5. Applications. The fact that elliptic operators generate semigroups leads
to knowledge of parabolic equations. In the case of LP norms, this knowledge
is somewhat abstract, as the solution of du/dt + Au = 0 for example, can be
directly analyzed only as a function u(#) with values in LP(2).

On the other hand, since the norm of Cyo(8) is the sup norm, one gains
in this case uniform pointwise information about u(t, x) in the variable x. This
gives valuable information about solutions in the classical sense of parabolic equations.

REMARK. Solving the equation du/dt + Au = f is equivalent to solving
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the equation
Wfar + (A4 + A = e Moty

where v = e 0%y, Thus it is no loss of generality to replace 4 by 4 + A,
in the sequel, so that 4 + z will be invertible for any z with larg z| < %7 +¢,
and in particular for z = 0. The abstract theorems we shall quote assume this
replacement has been made.

First we consider the direct application of Theorem 5 to temporally hamo-
geneous equations.

THEOREM 6. Consider the parabolic problem:

ou(t, x)/ot + Au(t,x) =ft,x), t>0,x€Q,
G w©, x) = uy(x), XEQ,
Dgu(t, x) =0, 0<|fl<m, x €09,

where A is a strongly elliptic operator in x satisfying the conditions (A1)—(A6),

and Q C RN isa domain uniformly of class C*™ and locally C2™#, u>0.
Suppose uy € Cyo(Q), and f(¥) € Cyo(R) for t =0; further suppose

f () is Holder continuous in t uniformly in 8, i.e.,

sup If(t, x) - f@, 0 <Clt-sP, 0<»<l.
ern

Then (5.1) has a solution u(t, x), unique among functions with u(t) €
Coo(®), t =0, given by

(5.2) u(t) = Uug + | o Ut - 97 ()ds

where U(t) is the semigroup, or abstract evolution operator coming from
Theorem 5. The solution has the properties:

(i) u(t, x) is continuous in t >0, uniformly in x € Q.

(ii) u(z, x) is continuously differentiable in t > 0, uniformly in x € Q.

(iii) For any fixed t >0, u(t, x) € C*™1(Q) N"'W2m4Q), ¢ > N,
and Au € Cy(92).

(v) If f isanalytic in t, uniformly on &, near [0, T], u(t, x) is ana-
ytic in t, uniformly on &, near (0, T]. If in addition the coefficients of A
satisfy a uniform Holder condition in x, then so do all D%u(t, x), la| < 2m,
and u(t, x) is a classical solution of (5.1).

ProoFr. From the semigroup theory (e.g., Kato [10, Theorem 1.13]), we
have a solution (5.2) of the abstract evolution equation for any f Holder
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continuous in the sense
@ - el < Clt -sP

which in Cyo(Q) is a hypothesis of our present theorem.

This solution u(¢), as a function with values in the Banach space C,o(Q),
is known to be strongly continuous in ¢ = 0, and continuously differentiable in
t > 0. Since the norm of Cy( () is the sup norm, this implies (i) and (ii).
Similarly the first part of (iv) is just an interpretation of known abstract results.
Property (iii) follows from the fact that u(f) € Dyo(4) for any ¢ > 0.

To prove the rest of (iv), we can define u(§, n, x) = u(¢ + in, x) since u
extends to an analytic function in a complex neighborhood of ¢; then

92 92
Agnu(t, m, x) =<£{ + o ut +in,x) =0
and u(§, m, x) is a solution of the elliptic equation
9 ,
<(_ Atn)m +4+ 5;) u(E? n, x) = f (E + mn, X).

Therefore we can apply the interior regularity theorem for elliptic operators in a
neighborhood N, of the point (¢, 0, x) € R¥*2. The Holder continuity of f
and of the coefficients of 4 implies u € C2"‘”‘(No), u > 0. In particular u
is a classical solution of (5.1). Q.E.D.

Now we wish to apply Theorem 5 to the case of time-dependent operators.
This involves a modest investment of extra work, much of which is done in the
following lemma. We introduce here the norm.

Nu; q,2) = r, = rolz|712m,

sup llul s
%o e% IL‘{(B(xo,rz)n o)

and the Banach space X, = completion of C'o() in N(u; g, 2).

LEMMA 6. Let A be an elliptic operator satisfying (Al)—(A6), Q a uni-
formly C*™ domain which is locally C2™*, u>0. Let q > N. Then AY
can be extended to an operator Z‘(’, on the domain

D8 ={u € Cp(®), D*u € Xg» lol = 2m,
and DPu =0 on 38, 0 < || < m}.

~q . -_— ~
A§ is a closed operator from Coo() to X,,and A + z is invertible for
larg z| < ¥ + ¢, |2] > Ay. For such z,and u € 53,
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ey + X 12 TPl oy + X 12PNDu; g, 2)
o0<j<2m lal=2m
(5.3)

< MolzloN((A + 2)u; q, 2).

Here M,, \,, € depend on q, Q, E, L, w, but not on z.

PROOF. We note that D does not depend on A, and that if u € 7%,
then Au € X.

Recalling the proof of Theorem 2, it is clear that Theorem 2 holds for
u € P4; (5.3) is just the estimate of Theorem 2 in new notation.

With appropriate modifications in the proofs of Theorems 3 and 4, we can
show that ;fg is a closed operator, with bounded resolvent for z in a truncated
sector. Q.E.D.

THEOREM 7. Consider the temporally inhomogeneous equation
du(t, x)ot + A, x)u(t,x) = f(t,x), t>0,x€ Q,
(54) U0, ) = up(x), x€Q,

DBu(t, x) = 0, 0<I|Bl<m,x €0,

where for each t =0, A(t) is an elliptic operator in x, satisfying conditions
(A1)—(A6) uniformly in t. The domain S is uniformly of class Cc*™ and
locally C*™*, u>0.

Suppose further that the coefficients a,(t, x) of A(t, x) have first deriva-
tives (3/0t)a,(t, x) which are bounded and satisfy a Holder condition in t, uni-
formlyon t and x € 8.

Then for functions u,, f as in Theorem 6, the problem (5.4) has a solu-
tion u(t, x), unique among functions with u(t) € COO(S_I), t 2 0, having the
properties (i), (i), and (iii)—with A(@t)u(t) replacing Au(t)—of Theorem 6.
Property (iv) is also valid if in addition the coefficients a(t, x) are assumed to
be analytic in t, uniformly on §.

PrOOF. Under the hypotheses of the theorem, the operators —A,(f) gen-
erate semigroups in Cyo(8) uniformly in #. We wish to use the abstract theory
of evolution equations for operators A(f) with domains depending on ¢. We
again refer to Kato [10], and in particular Theorem 3.1, for which it suffices
that we verify the following abstract conditions:

(1) (3/01)(A() + 2)™! exists, for z ina sector larg z| < %7 + €, 252
bounded operator with

I@/a5)A(E) + 2)7'Il < My/lzl.

(2) (8/a)A@)™! is t-Holder continuous in norm. (We draw attention to
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the remark preceding Theorem 6.) To verify the conditions, we will use Lemma 6,
which shows that A4,,(¢) is almost equal to an operator on a domain indepen-
dent of t.

To verify (1), we note that formally

G5 - @EANAE +2)7! D U@ +2)T4,OAE) +2)7!
where

A0 = 2 (@dt)a,(t, x)DS.
lal<2m

By considering the three operators in sequence, one can show that the right side
of (5.5) can be completed to an operator on all of C,o(8) satisfying the desired
bound.

To do this one uses the sequence of norms (reversing the order of (5.5)):

e "C(Q) - IZla z ND*-; q, z)
<2

.6) tl<2m

= 120N+ 4, 2) = 121 P12 - o -

In the last step, Lemma 6 is applied.

To verify (2), we again refer to (5.5) with z = 0. We then show that each
of the three (extended) operators on the right is Holder continuous in ¢, indepen-
dent of f, using the norms of (5.6).

In fact, A,(t) is clearly Holder continuous in view of the assumptions on
the a,(t, x).

For the first and last operators in the sequence, we choose f € Xq, and
let v(t), v(s) be solutions of

AR = f, AGWE) = f

with zero Dirichlet boundary data. Estimates for [|v(s) — v(f)| can then be
derived, making use of the fact that the domain in Lemma 6 is independent of
the operator; hence, for example, both v(f) and v(s) are in the domain of
A(?) as defined there.

Thus one verifies the hypotheses in the theorem on abstract evolution equa-
tions. Hence there is a unique abstract solution of the equation in the present
case. The concrete properties of u(t, x) follow using arguments like those of
Theorem 6. Q.E.D.
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